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Exercise 1 (4 Points).
Show that the map 7: R"™'\ {0} — S" is a deformation retraction.
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Are R? and R3 homeomorphic?

Exercise 2 (4 Points).
Show that every continuous map f : D — D such that f(z) = = for z € S' must be surjective.
Hint: Brouwer’s fixed point theorem.

Exercise 3 (6 Points).
Consider a finite group H with the discrete topology and a topological space X. An action of
H on X is continuous if the action map

HxX — H
(h,z) +— hx*zx
is continuous with respect to the product topology on H x X.

a) Suppose that X is Hausdorff and Fixx (h) = 0 for all h # 1g in H. Show that for z in X, there
is a open neighbourhood U of  with hy x U and he x U disjoint for all hy # hg in H.

b) If X and H are as in a), show that the quotient map X — Xy is a covering, where Xy is the
collection of all H-orbits of X under the action of H equipped with the quotient topology.

c¢) Deduce that for every topological group G such that {15} is a closed subgroup and every finite
subgroup H of G, the quotient map G — G/H is a covering, where G/ H consists of all H-classes
of elements of G.

Exercise 4 (6 Points).
a) Given a non-empty subset A of the metric space (X,d), show that the distance function

dist(-, A) : x — in1f4 d(z,y) is well-defined and continuous.
ye

If dist(z, A) = 0, what does it mean for = with respect to A?

b) Deduce from the Borsuk-Ulam theorem that for any cover S? = A; U Ay U A3 by three non-empty
closed subsets, one of the subsets A; contains an antipodal pair (z, —x).

c) For every covering S? = Uy U Uy U Uz by three non-empty open subsets, one of the subsets U;
contains an antipodal pair (z, —x).

Hint: Either deduce it from b) using that S? is compact, so locally compact (or sequentially
compact), or use Borsak-Ulam again.

Die UBUNGSBLATTER KONNEN ZU ZWEIT EINGEREICHT WERDEN. ABGABE DER UBUNGSBLATTER
IM ENTSPRECHENDEN FACH IM KELLER DES MATHEMATISCHEN INSTITUTS.



