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Exercise 1 (4 Points).
Show that the map r : Rn+1 \ {0̄} → Sn

x̄ 7→ x̄
|x̄|

is a deformation retraction.

Are R2 and R3 homeomorphic?

Exercise 2 (4 Points).
Show that every continuous map f : D→ D such that f(x) = x for x ∈ S1 must be surjective.
Hint: Brouwer’s fixed point theorem.

Exercise 3 (6 Points).
Consider a finite group H with the discrete topology and a topological space X. An action of

H on X is continuous if the action map

H ×X → H

(h, x) 7→ h ? x

is continuous with respect to the product topology on H ×X.

a) Suppose that X is Hausdorff and FixX(h) = ∅ for all h 6= 1H in H. Show that for x in X, there
is a open neighbourhood U of x with h1 ? U and h2 ? U disjoint for all h1 6= h2 in H.

b) If X and H are as in a), show that the quotient map X → XH is a covering, where XH is the
collection of all H-orbits of X under the action of H equipped with the quotient topology.

c) Deduce that for every topological group G such that {1G} is a closed subgroup and every finite
subgroup H of G, the quotient map G→ G/H is a covering, where G/H consists of all H-classes
of elements of G.

Exercise 4 (6 Points).

a) Given a non-empty subset A of the metric space (X,d), show that the distance function
dist(·, A) : x 7→ inf

y∈A
d(x, y) is well-defined and continuous.

If dist(x,A) = 0, what does it mean for x with respect to A?

b) Deduce from the Borsuk-Ulam theorem that for any cover S2 = A1∪A2∪A3 by three non-empty
closed subsets, one of the subsets Ai contains an antipodal pair (x,−x).

c) For every covering S2 = U1 ∪ U2 ∪ U3 by three non-empty open subsets, one of the subsets Ui

contains an antipodal pair (x,−x).

Hint: Either deduce it from b) using that S2 is compact, so locally compact (or sequentially
compact), or use Borsak-Ulam again.

Die Übungsblätter können zu zweit eingereicht werden. Abgabe der Übungsblätter
im entsprechenden Fach im Keller des mathematischen Instituts.


